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Introduction

Small area estimation (SAE) includes a variety of 
statistical techniques to predict survey outcomes 
typically for small geographic areas. Sampling infor-
mation and data from the survey are used in conjunc-
tion with correlated data from other data sources in 
statistical models to produce the estimates of interest. 
Demand for reliable estimates through SAE has 
increased in the past decades, and over the same time, 
there have been significant enhancements made in 
SAE methodology and approaches. In 2019-2020, 
Westat used advanced statistical methodology to 
produce state and county indirect estimates of 
average scores and various proficiency levels of adults 
for individual U.S. states and counties, using data 
from the first cycle of the Program for the Interna-
tional Assessment of Adult Competencies (PIAAC). 

“ Demand for reliable estimates “ Demand for reliable estimates 
through SAE has increased in the through SAE has increased in the 
past decades.”past decades.”

PIAAC is sponsored by the National Center for Educa-
tion Statistics (NCES) and is part of a series of adult 
skills surveys, which have been implemented in the 
United States. The first cycle of PIAAC included three 
national data collections (in 2012, 2014, and 2017), 
which surveyed 12,330 individuals, 16-74 years old. An 
international study involving over 35 countries, PIAAC 
is a survey that examines a range of basic workforce 

Key highlights

■  Significant enhancements have been made in 
SAE methodology and approaches.

 ■  SAE enhancements help policymakers make 
more readily available data comparisons.

 ■  Westat designed a sophisticated statistical 
SAE modeling approach to produce model-
based estimates for the Program for the 
International Assessment of Adult 
Competencies (PIAAC).

skills and assesses proficiency in literacy, numeracy, 
and digital problem solving consistently across 
participating countries. PIAAC is designed to produce 
standard survey estimates—direct estimates—of 
proficiency (reported either as average scale scores or 
in terms of proficiency levels) in these three domains 
with adequate levels of precision for the target 
population as a whole as well as for major population 
subgroups (e.g., subgroups defined by region, level of 
educational attainment, or race/ethnicity) within the 
target population. U.S. participation in PIAAC in the 
2010s was limited to nationally representative sam-
ples, not designed to yield reliable data about profi-
ciency levels of adults’ skills at the level of states and 
counties. To meet the need for state- and coun-
ty-level estimates of adult skills, Westat, under a 
contract with NCES, reviewed a range of possible 
methods for SAE, which could generate state and 
county estimates. Based on this review and input 
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from international experts, a sophisticated statistical 
modeling approach was selected and used to produce 
indirect estimates, which are available to the public 
on the PIAAC Skills Map website, which can be 
accessed by visiting https://nces.ed.gov/surveys/piaac/
skillsmap/, with background and supplemental 
information provided here https://nces.ed.gov/surveys/
piaac/state-county-estimates.asp. Figure 1 shows the 
landing page for the PIAAC Skills Map. The indirect 
estimates are predictions of how the adults in a state 
or county would have performed had they been 
administered the PIAAC assessment.

The statistical modeling approach that was selected 
for this purpose produces or “models” four different 
state- and county-level estimates for adult literacy 
and numeracy proficiencies: 

 ■ an average score (on the PIAAC scale of 0–500),
 ■ the proportion of adults 

 – at or below Level 1, 
 –  above Level 1 and below Level 3 (referred to as 

“proportion at Level 2”), and
  –  at Level 3 and above (based on PIAAC’s five 

proficiency levels for literacy and numeracy).

These model-dependent estimates are called “indi-
rect” (or small area) estimates to distinguish them 
from “direct” (or standard) estimates that do not 
depend on the validity of a statistical model. The state 
and county indirect estimates were produced using 
SAE techniques that relied on the pooled 2012–2017 
U.S. PIAAC data as well as data from the American 
Community Survey (2013-2017). As mentioned above, 
the state and county indirect estimates are provided 
at the PIAAC Skills Map website. 

The statistical modeling approach that was selected, 
computes the indirect estimates for states as 
weighted aggregates of the indirect county esti-
mates. Thus, an explanation of the PIAAC SAE  
modeling appropriately begins with the method of 
producing the indirect county estimates, which 
depend on (1) PIAAC’s direct survey estimates,  
(2) Hierarchical Bayes (HB) linear three-fold models, 
(3) a set of predictor variables (available and measured 
consistently for all counties), and (4) a thorough 
evaluation of the model, as explained next.

(1) Preparing direct survey estimates. As a nationally 
representative sample, PIAAC does not produce 

Figure 1. U.S. PIAAC Skills Map: State and County Indicators of Adult Literacy and Numeracy
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efficient direct estimates at the county level; as a 
result, the variances of the direct estimates can be 
large. This is particularly true for counties with small 
sample sizes. Therefore, prior to applying any SAE 
model, Survey Regression Estimation (SRE) was used 
to reduce the variance associated with the survey’s 
direct estimates. Rao and Molina (2015, pp. 21–23) 
describe the use of these estimates in SAE and 
provide their derivation. The predictors for the SRE 
model (not the same as the predictor variables for the 
SAE model, discussed below) were chosen based on 
the availability of population totals that had the same 
definition and coverage as the corresponding PIAAC 
variables. These predictors were further limited to 
PIAAC variables that had a low level of item nonre-
sponse (less than 5%). The models for the four literacy 
and four numeracy estimates (listed above) used  
the same set of predictors, relating to age, gender, 
race/ethnicity, educational attainment by age, and 
nativity. The SRE greatly reduced the variance esti-
mates, and the SRE estimates became inputs into  
the SAE model. 

(2) Hierarchical Bayes (HB) linear three-fold models. 
The SAE approach used to produce the indirect 
county estimates involves several models, and an 
extensive simulation study led to the selection of the 
final form of the models. (The simulation also showed 
that the resulting credible intervals had appropriate 
coverage rates of the true values of the outcome 
measures.) Specifically, the Hierarchical Bayes (HB) 
linear three-fold models used to produce the indirect 
county estimates were:

 ■  a bivariate model, to fit the proportions at or below 
Level 1 and at or above Level 3, which was then used 
to derive the proportion at Level 2, and 

 ■ a univariate model, to fit the average score.

Separate models were produced for the literacy and 
numeracy estimates. Two-fold models are discussed 
in Rao and Molina (2015), and this was extended to 
three-fold models for PIAAC where all the models 
included three nested levels of random effects: 
county, state, and census division. (The R package 
RSTAN, which provides flexibility in model fitting, 
prediction, and diagnostics for HB models, was used 
for the PIAAC SAE study.) 

(3) Selecting a set of predictor variables. PIAAC 
collected data from just 185 of the 3,142 counties in 
the United States. Thus, indirect estimates for coun-
ties not in the national samples must rely almost 
entirely on model predictions (with some contribu-
tions from the division and/or state random effects). 
For the model to predict county levels of proficiency 
for literacy or numeracy with any reasonable preci-
sion, the model depends on effective covariates  

“ The SAE approach used to produce “ The SAE approach used to produce 
the indirect county estimates the indirect county estimates 
involves several models, and an involves several models, and an 
extensive simulation study led to extensive simulation study led to 
the selection of the final form of the selection of the final form of 
the models.”the models.”

or predictor variables known to be correlated  
with literacy and numeracy from past analyses  
or hypothesized to be correlated with proficiency  
(such as education, immigration, racial and ethnic 
minority status, age, employment status, occupation,  
urban/rural status, and poverty status). The process  
of model development therefore involved (a) compil-
ing a large number of predictor variables that could 
be “candidate” predictor variables, and (b) reducing 
this set of candidates to a manageable set. This was 
done in two phases. 

In the first phase, to initially manage a large number 
of candidate predictor variables, all the state- and 
county-level variables were considered as fixed 
effects and the number of variables was reduced as 
follows: (1) a correlation matrix was created among all 
the covariates to identify highly correlated variables, 
then (2) one variable in each of the highly correlated 
pairs was dropped to avoid multicollinearity. Subse-
quently, the LASSO method was used to select 
several sets of covariates for each of the four  
outcome models for literacy and numeracy. 

In the second phase, these various selected reduced 
sets of covariates were evaluated and a final list of 
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covariates was determined using a cross-validation 
process that took into account the more complex 
model features, including the random effect estima-
tions. This final list of covariates, which was used in 
modeling all eight outcomes (i.e., literacy/numeracy 
proportion/average models), consisted of the follow-
ing seven county-level covariates:

 ■  Proportion of population age 25 and over with less 
than high school education

 ■  Proportion of population age 25 and over with 
more than high school education

 ■  Proportion of population below 100 percent of the 
poverty line

 ■  Proportion of Black or African American population
 ■  Proportion of Hispanic population
 ■  Proportion of civilian noninstitutionalized popula-
tion with no health insurance coverage

 ■  Proportion of population age 16 and over with ser-
vice occupations

The source for these seven covariates was the Census 
Bureau’s American Community Survey 2013-2017 data. 

“ The precision of the indirect “ The precision of the indirect 
estimates depends heavily on the estimates depends heavily on the 
ability of the covariates in the ability of the covariates in the 
model to predict the outcomes.”model to predict the outcomes.”

(4) Evaluating the model. Once the model’s seven 
covariates were selected, the model was subjected to 
rigorous diagnostic checks before predictions were 
made for all 3,142 counties. A variety of methods was 
used to evaluate the fit of the HB models to the 
county SRE estimates. These included various meth-
ods of internal model validation as well as external 
model validation. The methods of internal model 
validation included convergence and mixing diag-
nostics, collinearity tests, residual analysis, posterior 
predictive checks, model sensitivity checks, examin-
ing changes in the specification of the prior distribu-
tion for the variance-covariance matrices (including 
changes in initial values and in hyperparameters 
values), examining changes in the model 

specification (including univariate versus bivariate 
models for literacy proportions, tuning parameters  
in the Hamiltonian Monte Carlo and no-U-turn 
samplers algorithms [Hoffman and Gelman, 2011], 
and relaxed normality assumptions in the bivariate 
HB models for literacy proportions). The methods of 
external model validation included examining model 
validation graphs, histograms of differences, shrink-
age plots, interval coverage plots, bubble plots of 
survey regression estimates and indirect estimates, 
and smoothed and small area model variances, as 
well as comparing aggregates of model predictions 
and direct estimates.

The precision of the indirect estimates depends 
heavily on the ability of the covariates in the model to 
predict the outcomes. The indirect estimates pro-
duced for counties not in the samples therefore rely 
almost entirely on the model predictions, with some 
contributions from the division and/or state random 
effects. The indirect estimates of counties that were 
included in the sample (and for which direct estima-
tion is possible) also relied heavily on the model 
predictions because their direct estimates were 
based on small samples and are generally imprecise. 

Once the county indirect estimates were produced, 
the indirect estimates for states were computed as 
weighted aggregates of indirect county estimates, 
where the weights represent the proportion of the 
state’s household population of adults ages 16 to 74  
in each county. Overall, the state-level estimates are 
more precise than the county-level estimates, and, to 
a lesser extent, the state and county estimates from 
which some persons were sampled in the PIAAC 
household sample are more precise than state or 
county estimates that had no persons sampled in  
the PIAAC household sample. 

Precision of the state and county 
estimates of proficiency

Credible intervals have been computed to indicate 
the prediction error (i.e., levels of uncertainty) in the 
indirect estimates. Users need to pay careful atten-
tion to the 95 percent credible interval bounds that 
are provided, along with the indirect estimates to 
assess the range of uncertainty in the estimates.  
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In general, the credible intervals tend to become 
wider as the size of the estimated proportion increases.

The coefficient of variation (CV) is another common 
way of measuring precision. CVs for the county-level 
estimates for the proportion at or below Level 1 in 
literacy are generally of the order of 10 percent. 
Estimates with CVs of this magnitude are consid- 
ered to be precise (i.e., at a high confidence level).  
Meanwhile, there is a small number of county  
estimates that have CVs larger than 50 percent, 
which are imprecise and are indicated as low confi-
dence estimates in the PIAAC Skills Map. The state 
predictions are more precise, with a median CV of  
8.1 percent. 

For example, for the proportion at or below Level 1 in 
literacy, the median credible interval width for county 
estimates is 8.0 percentage points, while for the state 
estimates the median is 6.1 percentage points.  
The median credible interval width is 7.2 percentage 
points for county estimates that had persons in the 
PIAAC 2012/2014/2017 household sample and 8.0 
percent for county estimates that had no persons in 
the PIAAC household sample. The accuracy level for 
the other five types of proportion estimates (i.e., the 
proportion at Level 2 and the proportion at or above 
Level 3 in literacy and the three proportions in 
numeracy) is similar to that for the proportion at or 
below Level 1 in literacy, with slightly larger credible 
intervals and slightly smaller CVs. For the average 
literacy score, the median credible interval width is 
about 19 for county estimates and 11 for state esti-
mates, and the CVs are generally around 2 percent for 
county estimates and 1 percent for state estimates. 
The accuracy level for average numeracy score is 
similar to that for average literacy score.

Comparisons between counties, states, 
and the nation

In addition to the need for state and county esti-
mates, policymakers and educators are often inter-
ested in making comparisons between counties, 
states, and the nation. The PIAAC Skills Map presents 
comparisons of two areas at a time. For example, a 
county can be compared to another county, or a 
county can be compared to the state it is in, or a state 
can be compared to another state or the nation as a 
whole. For a given pair of areas – (county1, county2) or 
(county1, state1) or (state1, state2) or (state1, nation) 
– the hypothesis testing, of the difference being equal 
to zero, is performed in eight measurements (propor-
tions of the area’s population at or below Level 1, at 
Level 2, and at or above Level 3, and average scores in 
both literacy and numeracy domains). The results are 
reported as “statistically” different when they are 
significant at the critical significance level that was 
adjusted using the Bonferroni method, an adjust-
ment to account for the additional statistical error 
that occurs when conducting multiple comparisons 
simultaneously. Meanwhile, the results reported as 
“notably” different are differences that are not signifi-
cant under the Bonferroni adjusted critical signifi-
cance level, but are significant under a single test at 
the α (type 1 error) =0.05 level.
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